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Input:

A black box that evaluatek(xy, Xo, ..., Xn) € K[X1,Xo, ..., Xn], Where
K Is a field of a prime characteristo; and the characteristor

An upper bound of the total degree bf degbdf), and a list of
variables off, [xg, X, ..., Xq|.

The size of the random number generator.

Output:

With probabilistically correctf (xi, X, ..., %) € K[X1, %o, ..., X,] that
evaluates the input black box.
An error message will be returned if the input is invalid or the al-

gorithm fails.



Step 1. Interpolate the Polynomial with respect to the Intro-
duced Homogenizing Variable

Introduce a new variabbg, which we call homogenizing variable,
and consideff (Xg, X1, X2, .., Xn) = f(XoX1,X0X2, ..., XoXn)-

Interpolatef (X, X1, X2, ..., Xn) With respect tog, andfg(Xg) will be
the resulting polynomial with coefficients Kix1, xo, ..., Xy

Generateng, a1, ay, ..., a, from the random number generator. We
call (ag,a1,ay,...,a,) the anchor point.

Step 1.a:



Defineag ; = (a(j),al,az, ey @)

Fori=1,2,....(degbdf)+1) Do Step 1.a.j Step 1.a.ii andStep
1.a.lii

Step l.a.i

Use Newton’s algorithm to interpolat®(Xo) at ag 1,202, ---, a0,
and this interpolation polynomial is callef.

If f,= f.~%, thenStep 1.a.iis complete, and} = fo.

Step 1.a.ii



Implement Berlekamp-Massey algorithm agy, ap 2, ..., ag;.

If we get zero discrepancy, then the generating polynomial is found
for ap1,a02,...,80;. The terms offy can be determined by factor-
INng this generating polynomial.

By Ben-Or/Tiwari algorithm, the corresponding coefficients can
be obtained. And thu§ may be found.

If fo Is found successfullystep 1.a.iiis complete. This usually
happens wherfy only has a few terms.

Step 1.a.lii

If either Step 1.a.ilor Step 1.a.liis complete Step 1.ais finished.



If neither Step 1.a.inor Step 1.a.iiis complete and the loop vari-
ablei = degbd )+ 1, return an error message.

Check:

Whetherdeq fy) < degbd f).

If not, return an error message.
Step 2: Interpolate Next Variable x;

We now have a polynomiafi_1(Xo, X1, ...,X_1), which has been
fully interpolated inxg, Xy, ..., Xi_1.



Po, P1,---, Pi—1 are generated from the random number generator.
Define Pi,j = (p07 p17 ey pi—laaijaai+laai+27 7an)

Step 2.a:

Consider each coefficient i1, whenf;_; Is evaluated ap; 1, pi 2, ..., Pi j
this coefficient is a polynomial ig. We now try to interpolate all
those coefficient polynomials ifi_;.

An upper bound of the degree of a such coefficient polynomial,
deghdCq,¢,...e ,) Can be obtained byded fo)— (the degree of
the corresponding monomijal
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For everyCe ¢, ¢, With (&p,€y,...,6_1) € I DO
Forj=1,2,...,+ deghdCeq,e,. ¢ ,)+1DoStep 2.a.jStep 2.a.ii
andStep 2.a.lii

Step 2.a.i:

Use Newton’s algorithm to interpola®® e, ..., (Xi) @tpi,1, Pi2, -, Pi.js
and this interpolation polynomial is call€q .
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Step 2.a.li:



Implement Berlekamp-Massey algorithm pn, pi 2, ..., pi,j-

If we get zero discrepancy, then the generating polynomial is found
for pi1, Pi2, ..., Pi,j. The terms 0Cq, ¢, . ¢ , Can be determined by
factoring this generating polynomial.

By Ben-Or/Tiwari algorithm, the corresponding coefficients can
be obtained. And thuSg, ¢, . ¢ , May be found.

If Cepey....q_4 IS fOund successfullystep 2.a.liis complete. This
usually happens wheby, ¢, . ¢, ONly has a few terms.

Step 2.a.lii:



If either Step 2.a.ior Step 2.a.liis completeStep 2.afor Cg e, e,
IS finished.

If neitherStep 2.a.inor Step 2.a.liis complete folCq, e, . ¢, and
the loop variablg = degbdCg,e,...e ,) + 1, return an error mes-
sage.

Check:

WhetherdegCq e, ¢ ,) < deghdCq e, e ,)-

If not, return an error message.

Step 2.b:



Use Zippel's algorithm, we prune all the monomialsgrx,, ..., Xi_1, X;
whose coefficients are zero. With probabilistically correct, the re-
sulting polynomialf; is fully interpolated inxg, X1, ..., X_1,X.

Step 2.c:

If f, s determined$Step 2is finished.

Step 3: Recoverf from f,

Remove allx, in the algebraic expression &f will get f.

Implementation:

Our new hybrid algorithm is implemented in a Maple program.






