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Abstract
This paper analyzes an optical switch with centralized partial wavelength conversion by
means of a mean field model. The model can be used to approximate the behavior of a switch
with a large number of output wavelengths, and it becomes more accurate as the number of wavelengths increases. At each wavelength packets arrive according to a Markovian arrival process,
and their size follows a general distribution with finite support. Moreover, these traffic characteristics may be different for each output port. The model provides insight into the effect of
the traffic parameters on the packet loss probability, which is considered the main performance
measure. In particular, we have found that, if the arrival process is Bernoulli, the loss probability
is affected by the packet-size distribution only through its mean. This is no longer the case if
the arrivals follow a more general Markovian process, although we have found that even in this
case the loss probability is hardly sensitive to the packet-size distribution. Also, under Bernoulli
arrivals we provide a closed expression for the minimum conversion ratio required to attain zero
losses when the number of wavelengths tends to infinity. For Markovian arrivals we are able to
compute this ratio with a single run of the mean field model.
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1. Introduction
Wavelength division multiplexing (WDM) has enabled optical fibers to carry huge amounts
of traffic by allowing a single fiber to transmit several signals simultaneously using different
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wavelengths. In addition, the transmission speed per signal keeps on rising, already achieving
40 Gb/s. To keep up with this increasing speed, the switches in the backbone network need to
minimize the opto-electronic translations, as they add unnecessary delays. To this end optical
switching technologies, such as OPS (optical packet switching) and OBS (optical burst switching), have been proposed. In OPS the packets are completely processed in the optical domain,
while in OBS this is done for the payload only (the header is processed electronically). In both
cases, the opto-electronic translations are reduced as the payload is switched in the optical domain, where contention may arise and must be resolved. If two packets require transmission
through the same output port using the same wavelength, there are three main alternatives to
avoid dropping one of them: one of the packets can be sent through a different output port (deflection routing), one can be buffered (optical buffering), or one can be converted to a different
(idle) wavelength in the same output port (wavelength conversion). Each of these alternatives
has its own advantages and disadvantages [1], and the focus of this paper will be on the use of
wavelength converters alone to resolve contention. This appears to be the most accepted solution given the lack of optical random access memory and the shortcomings of deflection routing
(additional load in the network, unordered arrival of packets at the destination nodes, and extra
delays).
Three main attributes can be used to characterize the converters in a switch: their location;
their range; and their number. The converters can be located in a centralized pool, where packets
from all the ports can be translated; or they can be split in separated pools, one per port, in a noncentralized fashion. The centralized design has the potential benefit of reducing the total number
of converters required in the switch, although it implies a more complex switching matrix. With
regard to the conversion range, the converters may provide full-range conversion, i.e., a packet
can be translated from and to any wavelength, or limited-range conversion, where a packet can
only be translated to a small set of wavelengths. Finally, a switch can be designed to have as
many converters as output wavelengths, a case referred to as full conversion (not to confuse with
full-range). However, an economically feasible solution should consider fewer converters than
wavelengths, in which case the switch is said to provide partial conversion. In this paper we
introduce a model for centralized full-range partial wavelength conversion. In fact, the noncentralized architecture can be analyzed as a special case within our model.
Related Work:. One of the first analytical models to evaluate the effect of centralized partial
wavelength conversion was proposed in [1], where the switch has a slotted (synchronous) operation and the packet size is fixed and equal to the slot length. Also, the authors assume that
only one wavelength is used for transmission, while the others are used for contention resolution
alone; therefore the load per wavelength is very small. An exact analysis for the asynchronous
case was first presented in [2], where the switch is assumed to provide non-centralized partial
conversion, and the wavelengths are fed by a single general arrival process. Based on this model,
an approximation was introduced in [3] for the case of centralized partial conversion, which is
shown to provide good results when the number of ports is large. In [2, 3] the packet length is
limited to an exponential distribution, and the analysis is purely numerical. As will be described
later, we will not only provide a numerical procedure to compute the loss probability under general arrival processes, but also provide a closed-form expression for this performance measure
under Bernoulli arrivals. As the number of wavelengths that can be carried by a single fiber has
increased significantly, the case of switches with a large number of wavelengths per port has also
received attention. This case is treated in [4], where a queueing network model is proposed for a
switch with non-centralized full wavelength conversion. In [4], as well as in [2], it was pointed
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out that the packet loss probability was hardly sensitive to the packet-size distribution when the
switch has a large number of wavelengths. Here we will provide further support to this property, as the closed-form expression for the loss probability, which holds under Bernoulli arrivals,
depends on the packet-size distribution only through its mean. Many other (exact and approximate) models have been proposed to analyze optical switches with other contention resolution
capabilities. For instance, the analysis of limited-range conversion has been mostly limited to
approximations or simulation models due to the complex interaction of adjacent wavelengths.
Also, optical buffering has been mostly considered in the absence of converters, due to the dimensionality problems arising when both solutions are combined. Finally, deflection routing has
been analyzed with simulation models as its performance must be measured at the network level,
which is known to be poor at high loads [5]. We do not consider these models any further as they
are scarcely related to the architecture considered here.
Mean field models have been extensively used in statistical physics [6, 7] to describe the
behavior of gases and other systems of particles where the interaction among these is assumed
to be weak. In recent years, there has been an increasing interest in using mean field models
to analyze systems such as buffers implementing active queue management with multiple TCP
connections [8], networks of queues with load balancing mechanisms [7], networks with many
classes of TCP-like permanent connections [9], medium access control protocols [10], reputation
systems in ad-hoc networks [11], among others.
Our Contribution:. In this paper we introduce a mean field model for an optical switch with
centralized partial wavelength conversion. The main feature of the mean field model is that it is
exact when the number of wavelengths is infinite, and it can be used to approximate the performance of a switch with a large number of wavelengths. Modeling a switch with multiple ports
and many wavelengths per port presents several difficulties, particularly with regard to the multidimensional nature of the model, as it requires keeping track of the state of the wavelengths
in each port and the converters in the centralized pool. These dimensionality problems caused
by the number of wavelengths are avoided by using the mean field model, and in fact the model
becomes more accurate as the number of wavelengths increases. The switch is assumed to work
in a synchronous manner, where the time is divided in equally-spaced slots. At each wavelength
packets arrive according to a Markovian arrival process, and their size follows a general distribution with finite support. Moreover, these traffic characteristics may be different for each output
port, a scenario that we refer to as heterogeneous traffic. As stated above, the non-centralized
architecture can also be analyzed with our model. The assumption of a general packet-size distribution, instead of fixed size, has the advantage of reducing header processing and being more
suitable for IP traffic [12].
With this model we have been able to assess how the traffic parameters influence the packet
loss probability, which is considered the main performance measure. The most relevant insights
gathered in this direction are: (i) Under Bernoulli arrivals, we have found an expression for the
loss probability, which shows that it is affected by the packet-size distribution only through its
mean. Although this is no longer the case if the arrivals follow a more general Markovian process,
we have found experimentally that even in this case the loss probability is hardly sensitive to the
packet-size distribution. This confirms previous observations in the same direction[4, 2]. (ii) We
also provide a closed-form expression for the minimum conversion ratio required to attain zero
losses when the number of wavelengths tends to infinity, under Bernoulli arrivals. This minimum
conversion ratio is shown to depend on the (squared) load and the mean packet size. (iii) When
the number of converters is under-dimensioned, becoming the main cause of packet losses, the
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system shows a periodic behavior, where the period is equal to the greatest common divisor
of the sizes of all the packets entering the switch. (iv) The burstiness of the arrival process
appears to have a major effect on the loss probability, especially for mid loads. (v) When the
number of wavelengths tends to infinity and the traffic among the ports is homogeneous, there
is no difference between the performance of the centralized and non-centralized architectures.
However, for a fixed finite number of wavelengths per output port, the results of our model are
more accurate in the centralized case. (vi) Under heterogeneous traffic conditions (packet-size
distribution and burstiness), important gains in conversion resources can be obtained by using a
centralized architecture, even for a large number of wavelengths.
The remainder of the paper is organized as follows. Section 2 describes in detail the architecture of the switch, while Section 3 introduces the mean field model under some simplifying
assumptions. The final section is concerned with numerical results that illustrate the behavior of
the mean field model and uses it to analyze the effect of various traffic parameters on the switch
performance.
2. The switch architecture
This section describes the architecture and operation of the optical switch under analysis.
The switch, shown in Figure 1, consists of K input/output ports, each connecting to a fiber
carrying W wavelengths, and a centralized pool of C converters. An incoming packet will attempt
transmission through an specific output port using the same wavelength in which it entered the
switch. If that wavelength is busy the packet will be converted to an available wavelength in
the same output port. This conversion is performed by an idle converter in the shared pool.
If all the converters or all the other wavelengths in the same output port are busy, the packet
must be dropped. The probability that a packet is dropped is considered the main performance
measure of the switch. With regard to the converters, we assume that they provide full-range
conversion and their number is defined as a proportion of the total number of output wavelengths,
i.e., C = σKW, where σ is called the conversion ratio. When σ = 1 the system is said to
provide full conversion. As stated before, an economically-feasible solution for optical switching
including converters should limit the use of these devices while guaranteeing a minimal packet
loss probability. Therefore our focus here is on the partial conversion case, where 0 < σ < 1.
The switch has a synchronous operation with equally-spaced time slots and the state of the
switch is observed at slot boundaries. This type of operation implies a simpler switching matrix compared to the asynchronous case, but it requires packet synchronization and alignment
[13, 2]. Each wavelength in output port k has its own arrival process, modeled as a Discrete
(k)
Markovian Arrival Process (DMAP) [14] characterized by the mk × mk matrices D(k)
0 and D1 , for
(k)
k = 1, . . . , K. A DMAP(D(k)
0 , D1 ) is a versatile point process driven by an underlying Markov
(k)
(k)
(k)
chain with transition matrix D(k) = D(k)
0 + D1 . The entries of the matrices D0 and D1 hold
the transition probabilities of the underlying chain associated with zero and one arrivals, respectively. This kind of arrival process is computationally tractable as well as versatile, including
widely used arrival processes, such as the Bernoulli process and the discrete-time versions of
the interrupted Poisson process (IPP) and the Markov modulated Poisson process (MMPP), as
special cases. In particular, it has been previously used to model the behavior of a bufferless
asynchronous optical switch with non-centralized converters [2, 4, 15]. The size of the packets
directed to output port k follow a general distribution with finite support Ξk . Let ri(k) be the prob(k)
ability that a packet for output port k is of size i, for i ∈ Ξk , and let Lmax
be the maximum packet

J.F. Pérez and B. Van Houdt / Performance Evaluation 00 (2010) 1–21

5

size. Therefore, both the arrival process and the packet-size distribution may differ among output
ports.
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Figure 1: Optical switch with K input/output ports, W wavelengths and shared C converters

To describe the state of a wavelength or a converter we employ the scheduling horizon. This
is defined as the time (number of slots) required by the wavelength/converter to transmit/translate
the packet it is currently busy with. Therefore, if a wavelength has a horizon equal to 0 (i.e., it
is available) and a new packet of size j arrives, the wavelength will accept the packet and update
its horizon to j. Then, the horizon will be reduced by one at every slot until it reaches zero
again. During the time the wavelength has a horizon greater than zero, new packets may attempt
transmission using the same wavelength. If this occurs, those packets must be converted to
another wavelength using an available converter, i.e., a converter with horizon equal to zero. If
there is both an idle wavelength in the same output port and an available converter, these two
resources are seized by the packet and their horizons are both updated from zero to the value
of the packet size. The model to be introduced in the next section relies on this description to
represent the state of the switch.
3. The Basic Model
In this section we introduce a simplified version of the model for the optical switch. We
consider the special case where all the output ports have the same inter-arrival time (IAT) and
packet-size distributions (the subscript k will be removed from the parameters of these distributions). Also, we assume that the IATs follow a geometric distribution with parameter p, and
therefore the arrival process at each wavelength is a Bernoulli process. We start by describing
the model for a finite number of wavelengths and then consider the limit when this number tends
to infinity. Finally, we describe some results concerning a fixed point of the model.
In this model, each of the KW output wavelengths in the switch has its own Bernoulli arrival
ρ
process with parameter p given by p = E[L]
, where ρ is the load of the wavelength and L is
the random variable describing the packet-size, with expected value E[L]. Each wavelength and
converter will be treated as a separate object in a system of N = KW + C interacting objects. To
describe their evolution we observe the system at slot boundaries and consider three main steps
within a slot: transmission, arrival and reallocation. During packet transmission each wavelength
(resp. converter) holding a packet transmits (resp. translates) a part of it proportional to the slot
length. After transmission, each wavelength may receive a new arrival with probability p. Those
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packets that arrive at a busy wavelength form the set of extra-packets that must be reallocated
among the idle wavelengths in the same port. While packet arrival and transmission are independent operations for each wavelength in each port, the reallocation depends on the availability of
wavelengths in the same output port and converters in the shared converter pool.
To describe the evolution of the wavelengths and the converters during a time slot we consider
the three steps separately and associate a transition matrix with each of them: transmission (S l ),
arrivals (Al ) and reallocation (Ql ). The subscript l is equal to w or c if the matrix is associated to
the evolution of a wavelength or a converter, respectively. Recall that all the output ports have
the same traffic pattern (IAT and packet-size distribution) and therefore the matrices S w and Aw
describe the evolution of a wavelength in any of the ports. On the other hand, the evolution of
a wavelength in port k during the reallocation step depends on the state of all the wavelengths
in this port. Therefore, for this step we add a superscript k to the transition matrix (Qkw ) of a
wavelength in output port k. We now define these matrices explicitly and show how they are
combined to describe the whole system.
S1 - Transmission:. Before transmission each wavelength/converter has a horizon between 0 and
Lmax . During the transmission step (S1) the horizon of each wavelength and each converter is
reduced by one. Therefore the transition matrices for wavelengths and converters are given by
S w = S c = T Lmax , where T n is the (n + 1) × n matrix with entries


1, i = j = 0,



1,
j = i − 1, i = 1, . . . , n,
[T n ]i j = 


 0, otherwise.
Notice that we label the rows and columns of an m × n matrix from 0 to m − 1 and from 0 to n − 1,
respectively.
S2 - Arrivals:. When a packet arrives at an idle wavelength (horizon equal to 0) it is accepted
for transmission in the same wavelength. Therefore, the first row of the matrix Aw is given by
(
1 − p, j = 0,
[Aw ]0 j =
pr j ,
j = 1, . . . , Lmax .
If the wavelength is busy (horizon equal to i > 0) and there is no arrival, the horizon stays
unaltered. Otherwise, the new state is Lmax + i, showing that the wavelength has scheduling
horizon equal to i and holds an extra-packet for reallocation. Hence, for i = 1, . . . , Lmax − 1,
(
1 − p, j = i,
[Aw ]i j =
p,
j = Lmax + i.
Therefore, the size of the matrix Aw is Lmax × 2Lmax . As the arrivals do not affect the state of the
converters, the matrix Ac is equal to the identity matrix ILmax .
S3 - Reallocation:. The last step consists of the reallocation of the extra-packets in the available wavelengths. As mentioned before, to determine the evolution of a single wavelength or
converter during this step we need to know the state of the whole system. That is, the transition
matrices Qkw and Qc depend on the state of the system at time t (after S2), which is described by
the occupancy vector M N (t). The entries of this vector hold the proportion of the N = KW + C
objects that are in each possible state. For port k, let WkN (t) be the 1 × 2Lmax vector with entries
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wki (t). For i = 0, . . . , Lmax , wki (t) holds the number of wavelengths in port k with horizon equal to
i after S2, holding zero extra-packets. For i = Lmax + j and j = 1, . . . , Lmax − 1, wki (t) holds the
number of wavelengths in port k with horizon equal to j after S1 that received an extra-packet
during S2. Similarly, let C N (t) be the 1 × Lmax vector with entries ci (t), which hold the number of converters with horizon equal to i after S2, for i = 0, 1, . . . , Lmax − 1. Before using the
vectors WkN (t) and C N (t) to construct M N (t) we need to normalize them by the total number of
1
W
= K(1+σ)
, for
objects KW + C. The fraction of objects that are wavelengths in port k is KW+C
C
σ
k = 1, . . . , K. Similarly, the fraction of objects that are converters is KW+C = (1+σ) . We can now
define the state vector M N (t) as
"
#
1
1 N
1
W1 (t), . . . , WKN (t), σC N (t) ,
M N (t) =
1+σ K
K
which holds the proportion of objects (wavelengths and converters) in each of the (2K + 1)Lmax
possible states.
Relying on the occupancy vector M N (t), we are able to specify the entries of the matrices
k
Qw and Qc as follows. Let q(w,k)
(M N (t)) be the probability that an idle wavelength belonging to
i
output port k receives an extra-packet of size i during reallocation at time t, for i = 1, . . . , Lmax ,
and q(w,k)
(M N (t)) the probability that it remains idle. Since any extra-packet is either converted
0
to an available wavelength or dropped, it is enough to use the scheduling horizon to describe the
state of a wavelength after this step. Therefore, the 2Lmax × Lmax matrix Qkw (M N (t)) is given by


 q(w,k) (M N (t)) q(w,k) (M N (t)) q(w,k) (M N (t)) . . . q(w,k) (M N (t)) q(w,k) (M N (t)) 
L
0
1
2
L
−1
max
max




0
1
0
...
0
0


0
0
1
...
0
0




.
.
.
.
.
.


..
..
..
..
..
..




0
0
0
...
1
0
Qkw (M N (t)) = 
(1)
 .


0
0
0
.
.
.
0
1



0
1
0
...
0
0




0
0
1
...
0
0




..
..
..
.
.
.
.
.
.


.
.
.
.
.
.


0
0
0
...
1
0
Likewise, let qcj (M N (t)) be the probability that an idle converter receives an extra-packet of
size j for conversion during reallocation at time t, for j = 1, . . . , Lmax . Then the Lmax × (Lmax + 1)
matrix Qc (M N (t)) has a first row given by [Qc (M N (t))]0 j = qcj (M N (t)), for j = 0, 1, . . . , Lmax ,
where qc0 (t) is the probability that an idle converter remains idle after S3. The rest of the converters keep the same horizon, hence [Qc (M N (t))]ii = 1, for i = 1, . . . , Lmax − 1. Recall that before
this step the maximum horizon a converter can have is Lmax − 1.
To determine the evolution of the idle wavelengths and converters, three quantities are relevant: the number of available converters c0 (t); the number of available wavelengths wk0 (t) in
output port k; and the number of extra-packets dk (M N (t)) in output port k, which is given by
P max −1 k
dk (M N (t)) = Lj=1
wLmax + j (t). Since at most wk0 (t) extra-packets can be received at port k after
conversion, the number of extra-packets from this port that are sent for conversion at the centralized pool is fk (M N (t)) = min{wk0 (t), dk (M N (t))}, and the total number of extra-packets sent
PK
for conversion is f (M N (t)) = k=1
fk (M N (t)). Thus, the number of extra-packets that is actually
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converted is g(M N (t)) = min{c0 (t), f (M N (t))}. Since there are no priorities among the ports, the
probability that a converter that will be used by an extra-packet is assigned to an extra-packet
from output port k is fk (M N (t))/ f (M N (t)). Therefore the average number of extra-packets of
output port k that are converted is
fk (M N (t))
g(M N (t)),
f (M N (t))

gk (M N (t)) =

if f (M N (t)) > 0. Otherwise, it is equal to 0. Now we can determine the time-dependent transition
probabilities for an idle wavelength in output port k during S3 as

gk (M N (t))



 1 − wk0 (t) , j = 0,
(w,k)
N
q j (M (t)) = 
(2)
N
(t))


 gk (M
r j,
j = 1, . . . , Lmax ,
wk (t)
0

if wk0 (t) > 0. The case where wk0 (t) = 0 will be discussed in the next section. In a similar manner
we can define the transition probabilities for an idle converter in this step,

g(M N (t))


 1 − c0 (t) , j = 0,
c
N
(3)
q j (M (t)) = 

 g(M N (t)) r j ,
j = 1, . . . , Lmax ,
c0 (t)

if ck0 (t) > 0. As with the idle wavelengths, the case ck0 (t) = 0 will be treated in the next section.
The factor r j comes from the fact that the g(M N (t)) converted extra-packets are selected randomly among the set of extra-packets, therefore keeping the same packet-size distribution. This
concludes the definition of the transition matrices for this step. We now combine the three steps
to describe the evolution of the system during a slot.
3.1. Combining S1, S2 and S3 - Mean Field
By observing the system after S2, we define the transition matrix at time t for a single
N
wavelength in output port k as R(w,k)
(M N (t)) = Qkw (M N (t))S w Aw , and for a single converter as
RcN (M N (t)) = Qc (M N (t))S c Ac . These K + 1 matrices can be combined into a single matrix describing the evolution of a single object at time t,
 N
 R(w,1) (M N (t)) · · ·

..
..

N
N
.
.
R (M (t)) = 

0
·
·
·

0
···

0
0
..
..
.
.
N
R(w,K)
(M N (t))
0
0
RcN (M N (t))





 .



(4)

From their the definition, it is clear that the entries of S w , Aw , S c , Ac , as well as all but the firstrow entries of Qkw and Qc , are independent of the number of objects (wavelengths and converters)
in the system. Actually, the first-row entries of Qw and Qc are also independent of the number of
~ be a 1 × (2K + 1)Lmax occupancy vector partitioned as
objects. To see this, let m
~ = [~
~ w2 , . . . , m
~ wK , m
~ c ].
m
mw1 , m
Since the proportion of objects that are wavelengths in output port k is K(1 + σ), the vector
K(1 + σ)~
mwk is a 1 × 2Lmax occupancy vector. For i = 0, . . . , Lmax , the i-th entry of this vector
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holds the proportion of wavelengths in output port k with horizon equal i, holding zero extra
packets, before reallocation. For i = Lmax + j, and j = 1, . . . , Lmax − 1, the i-th entry of the
same vector holds the proportion of wavelengths in output port k with horizon equal to j before
~ c is a 1 × Lmax occupancy vector,
reallocation, holding an extra packet. Similarly, the vector 1+σ
σ m
the i-th entry of which holds the proportion of converters in the centralized buffer with horizon
equal to i before the reallocation step, for i = 0, . . . , Lmax − 1. Now, we can redefine the entries
~ as
of Qw in terms of the vector m

gk (~
m)



 1 − [~mwk ]0 , j = 0,
(w,k)
(5)
q j (~
m) = 
g (~
m)


j = 1, . . . , Lmax ,
 k w r j,
[~
mk ]0

for [~
mw ]0 > 0. As in the previous section, to define gk (~
m) we first need to introduce dk (~
m) =
PK
PLmax −1k w
w
[~
m
]
,
and
f
(~
m
)
=
min{[~
m
]
,
d
(~
m
)}.
Also,
let
f
(~
m
)
=
f
(~
m
),
and
g(~
m
) =
L
+
j
k
0
k
k
k=1
j=1
k max
k
(~
m)
min{[~
mc ]0 , f (~
m)}. Now, we can define gk (~
m) as gk (~
m) = ffk(~
g(~
m), if f (~
m) > 0, and 0 otherwise.
m)
Clearly, the definition of the entries of Qw (~
m) can be obtained from Eq. (2) by simply dividing by
N all the quantities involved in their computation. Moreover, the entries of Qw (~
m) are independent of the number of objects, as they can be defined completely as a function of the proportion
(not the number) of objects in each possible state. Since a similar construction can be made for
the entries of Qc (·), we conclude that the entries of the matrix RN (·) are also independent of the
number of objects. We therefore remove the superscript N, and refer to this matrix simply as
R(·).
This system, composed of wavelengths and converters, can be analyzed under the framework
introduced in [16] for a general system of interacting objects. When the number of objects tends
to infinity and under some mild conditions, such a system is shown to converge to its mean
field [16], which is a time-dependent deterministic model. In our case, the objects are of K + 1
different classes, their status at time t is contained in the vector M N (t) and the evolution of the
system is described by the matrix R(~
m). The main convergence result in [16] is re-stated here, in
a simplified form that suffices for the model at hand, as Theorem 1, which relies on the following
condition.

~
Condition 1 (Hypothesis H in [16]). For all i, j, as N → ∞, [RN (~
m)]i j converges uniformly in m
~.
to some [R(~
m)]i j , which is a continuous function of m
Theorem 1 (Theorem 4.1 in [16]). Assume that the initial occupancy measure M N (0) converges
almost surely to a deterministic limit µ(0). Define µ(t) iteratively from its initial value µ(0), for
t ≥ 0, as µ(t + 1) = µ(t)R(µ(t)). Then, for any fixed time t, almost surely, limN→∞ M N (t) = µ(t).
Therefore, to apply Theorem 1 we need to ensure the almost sure convergence of M N (0) to
µ(0), as N → ∞, as well as to verify that Condition 1 holds. The convergence of M N (0) is
imposed by simply assuming that the system always starts in an empty state, as follows. Let e1Lmax
be the 1 × Lmax vector with 1 in the first position and zero everywhere else. Let the initial state of
the system be given by C N (0) = e1Lmax Ac and WkN (0) = e1Lmax Aw , k = 1, . . . , K, which corresponds
to an empty system and is independent of N. We now set µ(0) = M N (0) for every N > 0, and
the convergence is trivially satisfied. The compliance with Condition 1 is stated in the following
theorem.
Theorem 2. The entries of the matrices R(~
m), defined in (4), comply with the requirements of
Condition 1, whenever [~
mwk ]0 > 0, for k = 1, . . . , K, and [~
mc ]0 > 0. Also, if any of these entries

J.F. Pérez and B. Van Houdt / Performance Evaluation 00 (2010) 1–21

10

is equal to zero, the result in Theorem 1 also holds. Therefore, for any fixed time t, almost surely,
limN→∞ M N (t) = µ(t), t ≥ 0.
Proof. As we have shown, the entries of the matrix R(~
m) are independent of the number of
objects N. Therefore, the uniform convergence condition is trivially satisfied. Regarding the
~,
continuity condition, we observe that the matrices S w , S c , Aw and Ac are independent of m
hence the entries of R(w,k) (~
m) and Rc (~
m) are a weighted sum of the first-row entries of Qkw (~
m) and
Qc (~
m), respectively. As these entries are defined, in (2) and (3), as sums, products and ratios of
~ , these are continuous functions of m
~ , as long as [~
the entries of m
mwk ]0 > 0, for k = 1, . . . , K, and
w
[~
mc ]0 > 0. As a result, if [~
mk ]0 > 0 and [~
mc ]0 > 0, the entries of R(~
m) comply with Condition 1.
For the case when either [~
mwk ]0 or [~
mc ]0 are zero, we need to reconsider the proof of Theorem
1 in [16], and particularly Lemma 8.3 therein. To this end, let us define XnN (t) as the state of
object n at time t in a system with N objects, for n = 1, . . . , N. The initial state of these objects
(XnN (0)) is chosen to comply with M N (0), which, as stated before, corresponds to an empty
system. Recall that the initial state of the mean field also corresponds to an empty system, hence
~ , u) be a program that computes the next state of
µ(0) = M N (0), for N > 0. Now let PN (i, m
an object in a system with N objects, i.e., relying on RN (~
m), given that the current state of the
~ , and a random number u is drawn uniformly from (0, 1).
object is i, the occupancy measure is m
The evolution of the objects in the system is thus given by XnN (t + 1) = PN (XnN (t), M N (t), Un (t)),
with {Un (t), 1 ≤ n ≤ N, t ≥ 0} i.i.d. random variables uniformly distributed in (0, 1). Now,
define another collection of interacting objects X̃nN (t), such that X̃nN (0) = XnN (0), for 1 ≤ n ≤
~ , u), which is defined in a similar manner
N. The evolution of these objects is ruled by P(i, m
~ , u), but in this case the evolution does not depend on RN (~
as PN (i, m
m), but on R(~
m). In our
case, both programs are identical, since RN (~
m) is independent of N and therefore equal to R(~
m).
However, what differentiates X̃nN (t) from XnN (t) is that the former depends on the mean field
occupancy vector µ(t), instead of the M N (t) occupancy measure. Thus, this new set of objects
evolves as X̃nN (t + 1) = P(X̃nN (t), µ(t), Un (t)).
PN
1{XnN (t) , X̃nN (t)} = 0 almost surely,
In Lemma 8.3 in [16] it is proven that limN→∞ N1 n=1
where 1{·} is the indicator function. This boils down to prove that limN→∞ AiN = 0 a.s., where AiN
is defined as
N
1 X
Ai =
1{XnN (t + 1) , X̃nN (t + 1), XnN (t) = X̃nN (t) = i},
N n=1
for every i in the state space. In [16], this is proven in general when the entries of R(~
m) are a
~ . Recall that, in our model, this is true if [~
continuous function of m
mwk ]0 > 0, for k = 1, . . . , K,
mc ]0 = 0 it can be shown that a.s. limN→∞ AiN = 0.
and [~
mc ]0 > 0. However, even if [~
mwk ]0 = 0 or [~
This follows from writing
Ai ≤

N
1 X
1{XnN (t) = X̃nN (t) = i},
N n=1

(6)

and noting that if the i-th entry of either µ(t) or M N (t) is equal to zero, then the right-hand-side of
(6) is also equal to zero. Therefore, also in this case Ai → 0 a.s., and Lemma 8.3 in [16] follows,
hence Theorem 1 holds.
In Theorem 2 we have shown that the entries of R(~
m) may have a discontinuity at [m]i = 0,
and Theorem 1 still holds. In our case, the discontinuity arises in some points when either [~
mwk ]0
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or [~
mc ]0 are zero, and we have not provided a definition for this case. For completeness, we
define q(w,k)
(~
m), when [~
mwk ]0 = 0, as
j
(
q(w,k)
(~
m)
j

=

0,
r j,

j = 0,
j = 1, . . . , Lmax .

Actually, these entries could be defined differently, without affecting the dynamics of the system.
Intuitively, this can be understood by observing that these entries will always be multiplied by
[~
mwk ]0 , which is assumed to be zero, and therefore they have no effect on the evolution of the
system state. A similar definition can be given for qcj (~
m) when [~
mc ]0 = 0.
For further reference it is useful to partition the vector µ(t) according to the object classes
(wavelengths and converters),
"
#
1 w,1
1
1
µ (t), . . . , µw,K (t), σµc (t) .
µ(t) =
1+σ K
K
Relying on Theorem 2, we can approximate the behavior of a switch with a large number of
wavelengths (objects) by means of the mean field. However, this result is time-dependent and
says nothing about the behavior of the system when t tends to infinity. This is the topic of the
next section.
3.2. Combining S1, S2 and S3 - Fixed Point
We are now left with a deterministic system with initial state µ(0) and time-dependent transition matrix R(µ(t)). To study the behavior of this system as a function of time we change the
observation time-points. We now observe the system after S1, i.e., after transmission and just
before arrivals. Let α(t) be the occupancy vector describing the state of all the wavelengths and
converters at time t just after S1 and before S2. Similar to µ(t), the vector α(t) can be partitioned
as
"
#
1
1 w,1
1 w,K
c
α(t) =
α (t), . . . , α (t), σα (t) ,
1+σ K
K
where αw,k (t) (resp. αc (t)) is an occupancy vector describing the state of the wavelengths in output
port k (resp. converters in the centralized pool). Since α(t) and µ(t) describe the state
of the
h
i switch
w 0
before and after S2, respectively, µ(t) can be obtained from α(t) as µ(t) = α(t) IK ⊗A
0
Ac , where
k
⊗ is the Kronecker product. Now let the matrix Pw (α(t)) describe the transition probabilities
of the wavelengths in output port k at time t, observing the system after S1. This is given by
Pkw (α(t)) = Aw Qkw (µ(t))S w , where, as stated above, α(t) completely determines µ(t). A similar
matrix Pc (α(t)) can be specified for the evolution of the converters observed just after S1.
The main advantage of defining the Lmax × Lmax matrices Pkw (α(t)) and Pc (α(t)) is that they
can be expressed as
 (l,k)
(l,k)
 p0 (α(t)) p1 (α(t))

1
0


k
0
1
Pl (α(t)) = 

..
..

.
.

0
0

...
...
...
..
.

p(l,k)
Lmax −2 (α(t))

...

1

0
0
..
.

p(l,k)
Lmax −1 (α(t)) 


0
0
..
.

0





 ,




(7)
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for l ∈ {w, c} and k = 1, . . . , K (if l = c the sub/superscript k is obviously removed). The
specific values of the first-row entries, in the case of the matrices associated to the evolution of
the wavelengths, are given by

(w,k)
(w,k)


 (1 − p)(q0 (µ(t)) + q1 (µ(t))) + pr1 , j = 0,
(w,k)
p j (α(t)) = 
(8)
(w,k)

 (1 − p)q j+1 (µ(t)) + pr j+1 ,
j = 1, . . . , Lmax −1.
For the converters those values are
( c
q0 (µ(t)) + qc1 (µ(t)),
pcj (α(t)) =
qcj+1 (µ(t)),

j = 0,
j = 1, . . . , Lmax − 1.

(9)

These K + 1 matrices can be recombined into a single matrix with K + 1 irreducible classes,
 1
 Pw (α(t)) · · ·

..
..

.
.
P(α(t)) = 

0
·
·
·

0
···

0
..
.

0
..
.

PwK (α(t))
0

0
Pc (α(t))





 .



Let M(K+1)Lmax be the set of all occupancy vectors of size (K + 1)Lmax . The matrix P(α)
defines a mapping from M(K+1)Lmax into M(K+1)Lmax , which is said to have a fixed point α if there
exists a vector α ∈ M(K+1)Lmax such that αP(α) = α. To find this fixed point we set-up the system
of equations αP(α) = α and solve it for α. To do so, we first need an explicit definition of the
(first-row) entries of Pkw (α) and Pc (α) in terms of α. Let the first-row entries of these matrices,
as defined in Equation (7), be p(w,k)
= p(w,k)
(α) and pcj = pcj (α), for j = 0, . . . , Lmax − 1. These
j
j
probabilities depend on the value of q(w,k)
= q(w,k)
(µ) and qcj = qcj (µ), for j = 0, . . . , Lmax − 1,
j
j
h
i
(w,k)
w 0
as in equations (8) and (9). The vector µ is given by µ = α IK ⊗A
=
0
Ac , and therefore µ0
α(w,k)
(1 − p) and µc0 = αc0 . This equation relates the proportion of idle wavelengths and converters
0
before and after arrivals in the fixed point. Similarly, the proportion of wavelengths in output
port k holding an extra-packet after S2 in the fixed point is given by δk = (1 − α0(w,k) )p.
Now let φk be the number of extra-packets in port k sent for conversion in the fixed point, as
a proportion of the total number of objects, which is given by
φk =

n
o
n (w,k)
o
1
1
(w,k)
min µ(w,k)
,
δ
=
min
α
(1
−
p),
(1
−
α
)p
,
k
0
0
0
K(1 + σ)
K(1 + σ)

and thus only depends on the vector α. Therefore, the number of converted extra-packets in the
fixed point, as a proportion of the total number of objects, is given by
 K

 K








σ c
σ

X
X
c
γ = min 
φ
,
µ
=
min
φ
,
α
,
(10)



k
k
0
0






1+σ 
1+σ 
k=1

k=1

which also depends on α alone. Additionally, let γk be the number of converted extra-packets
from output port k as a fraction of the total number of objects, given by
φk
γk = P K
j=1

φj

γ,

(11)
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where the first term on the right-hand side is the probability that an extra-packet sent for conversion is actually an extra-packet from output port k. Since γ and γk depend only on α(w,k)
and
0
αc0 , we can use them in Equations (2) and (3) to determine the transition probabilities for the idle
wavelengths in the fixed point in terms of α as

K(1+σ)γk
k


= 1 − K(1+σ)γ
, j = 0,

 1 − µ(w,k)
α0(w,k) (1−p)
(w,k)
0
qj = 
K(1+σ)γk
K(1+σ)γk


= (w,k)
r j,
j = 1, . . . , Lmax ,
 µ(w,k) r j
α
(1−p)
0

0

and for the idle converters as

(1+σ)γ


 1 − σµc0
c
qj = 

 (1+σ)γ
σµc r j
0

(1+σ)γ
σαc0 ,
(1+σ)γ
σαc r j ,

=1−
=

0

j = 0,
j = 1, . . . , Lmax .

With these expressions and equations (8) and (9) we find that the first-row entries of Pkw (α) are


 K(1 + σ)γk

K(1 + σ)γk
(w,k)
(w,k)

 r j+1 ,
(1
−
r
)
+
pr
,
and
p
=
+
p
p0 = (1 − p) −

1
1

j
(w,k)
α(w,k)
α
0
0
for j = 1, . . . , Lmax − 1. Also, the first-row entries of the matrix Pc (α) are
pc0 = 1 −

(1 + σ)γ
(1 + σ)γ
(1 − r1 ), and pcj =
r j+1 , j = 1, . . . , Lmax − 1.
σαc0
σαc0

Now that the entries of the matrix P(α) are explicitly given in terms of α, γ and γk , we solve
the system α = αP(α). Solving for α(w,k) we find


1 − γk (E[L] − 1)K(1 + σ)
, and αi(w,k) = γk K(1 + σ) + pα(w,k)
P[L ≥ i + 1],
α(w,k)
=
0
0
1− p+ρ
for i = 1, . . . , Lmax − 1, where P[L ≥ i + 1] is the probability that the packet size is greater than
or equal to i + 1. In a similar manner we find that the entries of the vector αc are
αc0 = 1 −

1+σ
1+σ
γ(E[L] − 1), and αci =
γP[L ≥ i + 1],
σ
σ

i = 1, . . . , Lmax − 1.

We have found expressions for the fixed-point vector α but these are still in terms of γ and γk .
We now consider each of the three possible values that γ and γk can take to find explicit formulas
for the fixed point vector in each case.
Case 1:. The first case corresponds to a switch with an infinite number of wavelengths that has
enough converters to convert every packet and is not overloaded. From equations (10) and (11)
we find that
K 
X

(1 − α0(w,k) )p
p
(w,k)
1 − α0
, and γk =
.
γ=
K(1 + σ) k=1
K(1 + σ)
Using these values we find that
= 1 − ρ + p, and α(w,k)
= pP[L ≥ i + 1], i = 1, . . . , Lmax − 1.
α(w,k)
i
0
And for the converters we find that
αc0 = 1 −

1
p2
(p(E[L] − 1))2 and αci = (E[L] − 1)P[L ≥ i + 1], i = 1, . . . , Lmax − 1.
σ
σ
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Case 2:. The second case corresponds to a system that does not have enough converters to
σαc
convert every extra-packet. In this case we find that γ = 1+σ0 , since the converters become the
bottleneck of the system. The fixed point for the converters is given by
1
P[L ≥ i + 1]
and αci =
,
E[L]
E[L]

αc0 =

As in this case γk is given by γk =
α(w,k)
=
0

1−α(w,k)
c
0
 σ
PK 
(w, j) 1+σ α0 ,
j=1 1−α0

i = 1, . . . , Lmax − 1.

we can use the value of αc0 to find

σ+ρ
E[L] − σ(E[L] − 1)
, and α(w,k)
=
P[L ≥ i + 1], i = 1, . . . , Lmax − 1.
i
E[L](1 − p + ρ)
E[L](1 − p + ρ)

Case 3:. The last case considers a heavily loaded switch where the wavelengths are not enough
to handle the incoming packets, meaning an extra-packet might find a converter but not an idle
wavelength in the output port. In this case we find that γ and γk are
γ=

K
α(w,k) (1 − p)
1 − p X (w,k)
α0 and γk = 0
.
K(1 + σ) k=1
K(1 + σ)

Therefore, the vector α(w,k)
is given by
0
α(w,k)
=
0

1
P[L ≥ i + 1]
, and αi(w,k) =
, i = 1, . . . , Lmax − 1.
E[L]
E[L]

And the vector αc is given by
αc0 = 1 −

1− p
(1 − p)(E[L] − 1)
, and αci =
P[L ≥ i + 1], i = 1, . . . , Lmax − 1.
σE[L]
σE[L]

3.2.1. The loss probability and the optimal conversion ratio
An interesting observation is that the value of αw0 and αc0 does not depend on the distribution
of the packet size but only on its expected value E[L]. This becomes relevant when looking at
the loss probability of the system ploss , which is the main measure of performance. The loss
probability is the ratio between the average number of packets that must be dropped per time slot
and the average number of packets that enter the system in each time slot. Therefore, the loss
probability is given by
δ
− γ δ − γ(1 + σ)
=
,
ploss = 1+σp
p
1+σ
PK
where δ = K1 k=1
δk . As shown above, δ and γ depend on the value of αw0 and αc0 alone, and
therefore ploss does not depend on the packet-size distribution but only on its expected value.
This confirms previous observations [2, 4] related to an apparent insensitivity of the switch performance to the packet-size distribution when the number of wavelengths is large. However, this
result relies on the assumption of geometrically-distributed IATs. We have observed that this
result no longer holds if the IATs are described by a general DMAP, although even in this case
the packet-size distribution appears to have little influence on the loss probability. This will be
illustrated in the numerical results in Section 4.
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Based on the previous results we can consider the question of how many converters are
necessary to attain a loss probability equal to zero. Or, in others words, what is the minimum
δ
, as in
conversion ratio σ∗ such that ploss = 0. For ploss to be equal to zero, γ must be equal to 1+σ
case 1. If the conversion ratio is just enough to prevent any losses, then γ must also be equal to
σαc0
∗
1+σ , as in case 2. Therefore, we can compute the value of σ by equating the value of γ in these
two cases. Solving this equation for σ we find that
!
1
∗
2
.
(12)
σ =ρ 1−
E[L]
The value of σ∗ is proportional to the square of the load and if E[L] tends to infinite (the slot
length tends to zero) σ∗ tends to ρ2 . A decrease in the mean packet-size (increase in the slot
length) implies a decrease in the number of converters required to attain zero loss probability.
With a similar analysis we can consider the situation when both cases 1 and 3 occur. This
is the point where the wavelengths become the bottleneck of the system. By solving a similar
equation as before we find that ρ = 1, i.e., the system will only present losses caused by the lack
of available wavelengths if it is overloaded (ρ > 1). This result is expected since the number of
wavelengths is assumed to be infinite and, if no losses are caused by the lack of converters, the
only way to observe packet losses is by having a load greater than one.
The previous discussion shows that there exists a fixed point for the mapping defined by
P(·) and that this point can be expressed explicitly in terms of the system parameters. However,
we have not shown that, starting from any vector α(0), the system always converges to that
fixed point. In our experiments we start with an arbitrary initial state α(0) and let the system
evolve, finding two possible behaviors. On the one hand, when the system has enough converters
to prevent losses the system state converges toward a single state, which coincides with the
fixed point described in this section. On the other hand, if the system presents losses due to
the lack of converters, it will converge toward a set of points, which are visited periodically.
Moreover, we have observed that in the latter case the period is equal to the greatest common
divisor of the possible packet sizes (d), and the average of these states is equal to the fixed point
described above. Therefore, in the experiments we let the system evolve until a time t such that
||α(t) − α(t − d)|| < , with  = 10−10 , which always results in the convergence of the system
state. Another important issue is to show that a sequence of finite systems in steady state with
increasing number of wavelengths tends toward a limit equal to the fixed point of the mean field.
We have observed through simulations that this is the case but we did not find a formal proof.
The mean field model introduced in this section can be easily generalized to consider both
heterogeneous traffic, and a general DMAP arrival process per wavelength. In this more general
setting, the model still falls within the framework in [16], and therefore it can be used to approximate the state of a finite system at any finite time. Moreover, we have performed a large number
of experiments and found that the general model behaves similarly to the basic model introduced
in the previous section, when the time tends to infinity. However, for the general model, we have
not found an expression for the fixed point toward which the system state converges, in terms of
the system parameters. A detailed description of the general model can be found in [17].
4. Results
In this section we start by illustrating the time-dependent behavior of the mean field model.
Then we compare the stationary performance of the model against simulations of a switch with
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Figure 2: Mean field and simulation results

a (large) finite number of wavelengths. Afterward we make use of the mean field model to analyze the effect of various traffic parameters on the switch performance. As mentioned before we
consider the loss probability and σ∗ , the minimum conversion ratio to attain a zero loss probability, as the main performance measures. We examine the effect of the packet-size distribution,
the load and the arrival process’ burstiness, for both the homogeneous and heterogeneous traffic
cases.
4.1. Validation
We start by looking at the time-dependent behavior of the mean field model, as shown in
Figure 2(a). In this scenario the switch has two output ports, homogeneous traffic, geometric
IATs, load equal to 0.6, and the packet size is either 5 or 15 with equal probability. In Figure
2(a) we depict, as a function of time, the fraction of wavelengths in output port 2 with scheduling
horizon equal to 3 (µ3(w,2) ). This selection is arbitrary as any other entry in the state vector shows
a similar behavior. Since the mean packet size E[L] is 10 and the load ρ is 0.6, we know from
Equation (12) that the optimal conversion ratio σ∗ is 0.324. Hence, if the conversion ratio is
less than this value the system will present losses due to the lack of converters. In this figure
we observe that when σ is below 0.324 the system tends to a periodic state, and the period is
equal to 5, which is the greatest common divisor of the packet sizes (5 and 15). Also, when the
conversion ratio is closer to 0.324 we see that the fluctuations are smaller, and when σ surpasses
σ∗ the system converges to a single fixed point. We have found the same behavior in a large
number of experiments, from which we have concluded that the system may converge either
to a single or to a periodic steady state. The former case occurs when the system has enough
converters to prevents losses, while the latter is the result of an under-dimensioned conversion
ratio. Additionally, when the latter case occurs, the number of different states that the system
visits in steady state is equal to the greatest common divisor of the possible packet sizes.
We now compare the loss probability in a finite simulated system with the one computed
with the mean field model. In Figure 2(b) we show this comparison for a switch with 4 ports, the
packet size is uniformly distributed between 5 and 15, the IATs are geometrically distributed and
the load per wavelength is 0.6. In this figure the loss probability is depicted against the conversion
ratio σ. We observe how the performance of the finite systems tends to that of the mean field
when the number of wavelengths per port increases, in this case from 50 to 200. If the conversion
ratio is equal to one, and the traffic is uniform with geometric IATs, a finite switch behaves
as a Geo/Geo/KW/KW loss queue, and therefore, as the conversion ratio increases, the loss

J.F. Pérez and B. Van Houdt / Performance Evaluation 00 (2010) 1–21
0.6

1
Geo
− L = 10
Geo
− L∼Unif(5,15)
Geo
− L∈{5,15}
ONOFF − L = 10
ONOFF − L∼Unif(5,15)
ONOFF − L∈{5,15}

0.5

0.4

0.9
0.8
0.7

Optimal σ

Loss Probability

17

0.3

0.2

Geo
− L = 10
Geo
− L∼Unif(5,15)
Geo
− L∈{5,15}
ONOFF − L = 10
ONOFF − L∼Unif(5,15)
ONOFF − L∈{5,15}

0.6
0.5
0.4
0.3
0.2

0.1

0.1
0
0

0.05

0.1

0.15

0.2

0.25

σ

0.3

0.35

0.4

(a) Loss probability. ρ = 0.6, γ = 5

0.45

0.5

0
0.1

0.2

0.3

0.4

0.5

ρ

0.6

0.7

0.8

0.9

(b) Optimal σ. γ = 5

Figure 3: Effect of the packet-size distribution

probability of a finite switch converges toward that of the loss queue. For instance, for W = 50
we observe that this minimum loss probability is around 10−4 , and for a conversion ratio of 0.55
the loss probability of the finite system has already reached a value very close to the minimum. A
similar behavior occurs for W = 100 and W = 200 but in this case the loss probability is so small
that simulations become computationally prohibitive.The main difference between the mean field
and a finite system is that the mean field model can be dimensioned to attain zero loss probability
(σ∗ ), while the conversion ratio in any real finite system will be dimensioned to attain a very small
loss probability (σ̂). Although σ∗ will typically be an optimistic value for σ̂, it is a very close
approximation, especially if the number of wavelengths is large. Therefore, the mean field model
can be used to provide a fast-to-compute value to start the search for the actual σ̂, thus restricting
the search for the value of σ̂ to a small neighborhood above σ∗ . Another very relevant feature
of the mean field model is that it let us analyze the effect of various traffic parameters on the
performance of the switch, without performing any time-consuming simulations, which become
more expensive as the number of wavelengths increases, particularly if the measure of interest
(the loss probability) is very small. The remainder of this section is devoted to the analysis of the
effect of the traffic parameters on both the loss probability and σ∗ .
4.2. Homogeneous traffic
In this section we consider the case where the traffic is homogeneous, i.e., the traffic to all
the output ports has the same characteristics. Figure 3 illustrates the effect of the packet-size
distribution on the switch performance. As it was established in Section 3, when the IATs follow
a geometric distribution, the only influence of the packet-size distribution is through its mean.
In this case we change the distribution without altering the mean, and Figure 3(a) shows that
this has no effect on the loss probability when the IATs are geometrically distributed. We also
consider a more general arrival process, called ON-OFF, which is a particular case of a DMAP.
An ON-OFF process has an underlying chain with two states: in the so-called ON state the
process generates arrivals with geometric IATs, while in the OFF state no arrivals are generated.
This kind of arrival process has been previously used to model the arrival process at an optical
switch [15, 4]. The duration of the ON and OFF periods is geometrically distributed, with the
mean duration of the OFF periods being γ times that of the ON periods. In Figure 3 we also
observe that for ON-OFF arrivals with γ = 5 the effect of the packet-size distribution is rather
small, even though the distributions we consider are significantly different. The three packet-size
distributions are: deterministic with packet size B = 10; uniformly distributed between 5 and
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Figure 4: Effect of the burstiness

15; and a distribution with two equally likely values, 5 and 15. Figure 3(b) shows that the effect
of the packet-size distribution on σ∗ is also rather small, a result that holds for a broad range of
load values. At this point we must recall that we are considering the homogeneous-traffic case,
where all the wavelengths have the same arrival process and packet-size distribution. In this case
the results are obtained for K = 2, but this parameter has no effect on the results since all the
wavelengths are identical and the number of converters is proportional to the total number of
wavelengths, which is infinite for any value of K. Therefore, when presenting the results under
the assumption of homogeneous traffic we do not need to specify the value of K, as the results are
the same for every K ≥ 1. This also means that when the number of wavelengths tends to infinity
and the traffic among the ports is homogeneous, there is no difference between the performance
of the centralized and non-centralized architectures.
Although the packet-size distribution seems to have little effect on the performance of the
switch, Figure 3 shows a significant difference between the results for geometric and ON-OFF
arrivals. We now consider the effect of the arrival process’ burstiness in more detail, by means
of the ON-OFF process. A simple measure of the burstiness of an arrival process is the ratio
between its peak rate and its mean rate [18]. For geometric IATs these two rates are equal and
the ratio is one. For the ON-OFF process the peak rate is q (the rate of the geometric IATs during
q
and the ratio is γ + 1. Therefore, increasing the value of γ
the ON periods), the mean rate is γ+1
while keeping the load fixed increases the burstiness of the process, which is expected since the
same number of arrivals will occur in shorter time intervals (ON periods), followed by longer
silent (OFF) periods. Figure 4(a) depicts the results for geometric and ON-OFF arrivals with
various values of γ (one and five) and various loads (0.3, 0.6 and 0.9). We observe that a larger
burstiness implies a significantly larger loss probability, and therefore a larger conversion ratio to
achieve zero losses. This effect is considerable for any load, but it is particularly relevant for mid
loads. The effect of the burstiness on σ∗ is shown in Figure 4(b), where the larger absolute effect
for mid loads is evident. For instance, for ρ = 0.9 the value of σ∗ for geometric IATs is around
0.73, while for ON-OFF(γ = 5) arrivals is 0.77. For a load of 0.5, σ∗ is 0.22 for geometric IATs
and 0.32 for ON-OFF(γ = 5) arrivals. It appears that when the load is high, the main cause of
losses is the load and the burstiness only comes in second place.
4.3. Heterogeneous traffic
We now consider heterogeneous traffic conditions, starting with the case of a difference in
burstiness among the traffic directed to the output ports. In Figure 5(a) we show the loss proba-
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bility for a switch with two output ports, where the only difference between the traffic directed to
these ports is related to the burstiness. We consider two cases: in the first, both output ports have
the same ON-OFF arrival process, with parameter γ = 5; in the second case, the traffic to the
first output port is an ON-OFF process with γ = 1, while for the second port the traffic follows
an ON-OFF process with γ = 9. In the first case, the loss probabilities per port are the same,
equal to the overall loss probability. For the second case the ports present a very dissimilar performance, where the larger losses correspond to the port with the more bursty traffic, as expected.
When the conversion ratio is highly under-dimensioned the difference between the performance
of the ports is very large, as is the overall loss probability. As the conversion ratio increases
and gets closer to σ∗ , the difference between the loss probabilities of the ports decreases. We
also observe that the overall loss probability is smaller for the heterogeneous-traffic than for
the homogeneous-traffic case, and there is also a difference in the value of σ∗ , favorable to the
heterogeneous case. This is particularly relevant since, for the type of arrival processes we are
considering, the overall burstiness is the mean of the burstiness among the traffic for all ports. As
a result, in both scenarios the overall burstiness is 5, but when the traffic is heterogeneous both
the loss probability and σ∗ are smaller than in the homogeneous case. In addition, Figure 5(a)
also depicts the loss probability for the heterogeneous case when there converters are arranged
in a non-centralized fashion (labeled NC). We observe that the overall loss probability is very
similar for the centralized and non-centralized cases up to a certain value of the conversion ratio
(in this instance 0.35). For larger values of σ the difference increases considerably, with the
centralized architecture showing a smaller loss probability and a significantly smaller σ∗ .
In Figure 5(b) we also consider heterogeneous traffic conditions but this time the difference
is in the packet-size distribution. In this case the load offered to the switch is the same, but there
are differences in the mean packet size per port. Figure 5(b) shows the value of σ∗ for three
cases: in the first case the packet size of both ports is deterministic and equal to 10; in the second
the packets for the first port have size equal to 5 while those for the second have size equal to 15;
in the last case the packets for the first and second ports are of size 2 and 18, respectively. In all
the cases the load is the same for both output ports. We see that the packet size has an important
effect on σ∗ , particularly for high loads. When the asymmetry in the packet sizes is larger, the
conversion requirements decrease, but this is significant only if the asymmetry is sufficiently
large. In particular, we observe little difference between the first and the second cases, but a
large difference between these two and the third case. The gain in conversion requirements can
be partly attributed to the centralized location of the converters, as opposed to having a pool
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of converters per port. The non-centralized case is illustrated for the third case in Figure 5(b)
with the label NC, which shows the conversion requirements to attain a zero loss probability if
each port had its own set of converters. As stated above, under the assumption of an infinite
number of wavelengths, the number of ports K has no effect on the performance of the switch
if the traffic is homogeneous. Therefore, in that case the difference between centralized or noncentralized conversion vanishes as the number of wavelengths becomes large. However, as soon
as the heterogeneity in the traffic is considered (either in burstiness or packet-size distribution) we
observe an important gain obtained by centralizing the conversion resources. The other reason
for having a lower loss probability in the latter two cases is that, as the ports have the same load,
the arrival rate for the port with the smaller packet size is larger, and therefore there is a larger
proportion of small packets, which means that the mean packet size is also smaller.
As a final scenario we consider heterogeneously loaded ports. We analyze a switch with two
ports, where the difference between the load of the first (ρ1 ) and second (ρ2 ) ports is given by
2∆ρ, with ∆ρ = ρ1 − ρ = ρ − ρ2 , and ρ is the overall load. Figure 6(a) illustrates the effect of load
heterogeneity, under ON-OFF(γ = 5) arrivals, for three values of ∆ρ: 0, 0.2 and 0.3. We observe
how the overall loss probability is only slightly affected, while the loss probability per port is
significantly different, especially if the conversion ratio is too small compared to σ∗ . Also, the
effect of ∆ρ on the minimum conversion ratio to attain a zero loss probability, shown in Figure
6(b), is rather small, even when the asymmetry in the loads is large. In this case, the value of σ∗
is identical under non-centralized and centralized conversion, meaning that no gain in conversion
resources is obtained by using centralized conversion when the asymmetry in traffic arises from
a difference in the load. However, in the non-centralized case the converters would need to be
allocated in each port proportionally to the loads. As the load is a very dynamic parameter, a
converter allocation based on the mean load per port would result in a combination of periods
with many idle converters (lowly loaded) and periods with many losses (highly loaded). Also,
an allocation based on the peak load would require a large number of converters per port. In
a dynamic-load scenario, the centralized architecture will provide an important gain, as it will
be able to combine peak periods for some ports with valley periods for others. In addition, it
is highly unlikely to find a real scenario where the only difference in the characteristics among
the ports’ traffic is the load, while the burstiness and the packet-size distribution are the same
for every port. Typically, the difference will be in all these characteristics, and therefore the
centralized architecture will provide a better performance and require fewer converters than the
non-centralized one, even if the number of wavelengths is large.
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